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Abstract The paper analyses the behaviour of the subscribers to the Abbonamento Musei
Torino Piemonte (AMTP), which is a yearly subscription managed by the Associazione
Torino Città Capitale Europea (ATCCE) and was created in 1995. AMTP card-holders
are allowed to visit all the museums and the temporary/permanent exhibitions partici-
pating in the programme free for one year. Employing market basket analysis we have
studied the association structures of the data describing subscriber behaviour. We have
obtained some promising results which may be useful to support ATCCE strategies: pro-
motion, decision on the location of temporary exhibitions, selection of new museums to
be included in the programme and pricing policies.
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1. INTRODUCTION

The Abbonamento Musei Torino Piemonte (AMTP) is a yearly subscription man-

aged by the Associazione Torino Città Capitale Europea (ATCCE)2. It was created

in 1995 and is still available to people living in the Piedmont region. AMTP card-

holders are allowed free visits to all the museums and all the temporary/permanent

exhibitions participating in the programme during the subscription year, from Jan-

uary to December. Each year, starting from 1999, the AMTP has collected a wide

range of information about all the subscribers, including personal data and visit

behaviour.

In recent years the number of subscribers has increased enormously, from

3,279 cards in 1999 to 82,802 cards in 2012. One reason behind this is the in-

creasing number of museums participating in the programme. Brondino et al.

1 Patrizia Semeraro, email: patrizia.semeraro@polito.it
2 www.abbonamentomusei.it/pages/Abbonamento_Musei
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(2012) studied the data concerning the year 2007, but with different goals. The

aim of this paper is to identify associations between museums participating in the

AMTP programme. These associations are generated by the museums visited by

each card holder in a subscription period. Knowing these associations is helpful

to support the ATCCE’s marketing strategies: promotion, decision on the location

of temporary exhibitions, selection of new museums to be included in the pro-

gramme and pricing policies. In this work we have analysed the behaviour of the

2012 subscribers by employing market basket analysis. "‘Market Basket Analysis

(MBA) is a well-known applied statistical methodology aimed at identifying asso-

ciations between consumers buying choices of different products, usually inside

a specific unit, such as a supermarket"’ (Giudici and Passerone (2002)). Tradi-

tionally market basket analysis methodology finds association rules between sets

of products bought in a unit of shopping by consumers, by analysing the most

frequent combinations of products bought simultaneously. The interested reader

can find further details in the rich literature on the subject including the paper by

Agrawal et al. (1993) and many books, e.g. Agresti and Kateri (2011), Berry and

Linoff (1997), Giudici (2005) and Zani and Cerioli (2007).

In the AMTP framework, the consumers are card-holders, the products are

the museums participating in the programme and the unit of shopping is one year,

from January to December, which is the subscription duration. The set of mu-

seums visited in the same year by an individual card-holder is a basket. An as-

sociation rule between two disjoint sets of museums indicates that if the set of

museums M is in the basket, the set of museums N is also in the basket. The num-

ber of museums in M∪N is the order of the rule. First, we study the rules of order

two, which are determined by pairwise associations, using different measures of

association for contingency tables. Then we investigated the rules involving three

or more museums by performing a traditional market basket analysis. The results

of the MBA are further analysed using some link-analysis based measure, Easley

and Kleinberg (2010). It is worth noting that card-holders differ from supermarket

consumers, since they do not have any budget constraint. Actually, the more they

visit, the less they spend for each visit. Therefore, we expect that the most interest-

ing rules could include more than two museums. Furthermore, while supermaket

products may have strong pairwise associations due to their nature, as in the case

of complementary products, this seems not to be the case for museums. Moreover,

cultural consumers sometimes fail to maximize their utility function (Kahneman

and Thaler (2006)). In particular, in the context of our study, the consumers, who

visit a low number of museums (less than four) do not take full advantage of their
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subscription.

The paper is organized as follows. Section 2 introduces the market basket

analysis. Section 3 describes the AMTP database. Section 4 presents the analysis

of the pairwise associations, while Section 5 investigates the association rules

involving more than two museums. Concluding remarks are outlined in Section

6.

2. MARKET BASKET ANALYSIS AND MEASURES OF ASSOCIATIONS

This section briefly introduces the MBA focusing on associations rules and related

measures of interestingness.

Let us now introduce some notations. We name M the set of museums par-

ticipating in the programme in one year and we denote by #M the cardinality of

M , i.e. the number of museums and exhibitions that can be visited during the

year.

A basket is the set of museums visited in the same year by an individual

card-holder. An association rule between two disjoint sets of museums M =

{M1, . . . ,Mm}⊆M and N = {N1, . . . ,Nn}⊆M , M∩N = /0 is denoted by M →N.

It indicates that if the set of museums M (also referred to as the itemset M) is in

the basket also the museums in N are in the basket. M and N are called the an-

tecedent and the consequent of the rule, respectively. We refer to m+ n as the

order of the rule. The contingency table underlying the rule M → N is reported

in Table 1, where, with a small abuse of notation, the presence (resp.absence) of

museum Mi in the basket has been represented by the values 1 (resp.0) of the bi-

nary variable Mi, i = 1, . . . ,#M . The count nhk is the number of baskets such that

M1 · . . . ·Mm = h and N1 · . . . ·Nn = k and the marginal counts are nh+ = nh0 +nh1,

n+k = n0k + n1k and n++ = n0+ + n1+, with h,k = 0,1. We denote by fhk, fh+,

f+k and f++ ≡ 1 the corresponding relative frequencies. In particular n11 ( f11) is

the number (the relative frequency) of baskets that contain both the sets of museums

M and N.

The interestingness of a rule M → N can be measured using several measures

of associations, see Tan et al. (2004). In our work, for a given rule M → N we

consider the following measures of association whose mathematical expressions

are provided in Table 2.

• The support s(M,N) of the rule, i.e. the relative frequency of the baskets

that contain both M and N. The support is symmetric, being s(M,N) =

s(N,M).
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Table 1: The contingency table related to the rule M → N

N = N1 · . . . ·Nn = 0 N = N1 · . . . ·Nn = 0 Total

M = M1 · . . . ·Mm = 0 n00 n01 n0+

M = M1 · . . . ·Mm = 1 n10 n11 n1+

Total n+0 n+1 n++

• The confidence of the rule c(M,N), i.e. the observed number of the baskets

that contain both M and N divided by the number of baskets containing M.

It can be written as c(M,N) = s(M,N)/s(M) where s(M) = n1+/n++ ≡
f1+; the confidence is not symmetric.

• The lift of the rule i(M,N), i.e. the ratio between the observed number of

baskets that contain both M and N and the expected number of baskets that

contain both M and N if no association exists. The lift is symmetric and

null-invariant because its value does not depend on n00.

• The relative linkage disequilibrium (RLD), as defined in Kenett and Salini

(2008), is defined by RLD = d
dm

, where d = f11 f00 − f01 f10, dm = d +

1d>0(1 f01< f10
f01 + 1 f01≥ f10

f10)− 1d≤0(1 f11< f00
f11 + 1 f11≥ f00

f00) and 1A is

the indicator function of the set A.

• The odds ratio.

Our choice of measures can be justified by observing that support, confi-

dence, lift and odds ratio are commonly used in statistical analysis and are easy

to interpret and the RLD has an interesting graphical representation. We consider

other probabilistic measures of association: the chi-square, hyper-lift and hyper-

confidence. Hyper-lift and hyper-confidence are introduced in Hahsler and Hornik

(2007). In this paper, all items as well as itemsets occur following independent

Poisson processes. Then each cell count nhk can be viewed as the realization of

a random variable Nhk which, given fixed marginal counts nh+ and n+k, follows

a hypergeometric distribution. The hyper-confidence Hc(M,N) is defined as the

probability that the random variable N11 is less than the observed count n11:

Hc(M,N) = P(N11 ≤ n11) =
n11−1

∑
i=0

(n+1

i

)(n++−n+1

n1+−i

)

(n++
n1+

) (1)
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A high probability indicates that observing N11 under independence is rather

unlikely. The hyper-lift is a generalization of the lift. Being E[N11] =
n1+n+1

n++
, the

lift is i(N,M) = n11

E[N11]
. As described in Hahsler and Hornik (2007) for infrequent

itemsets M and N the lift can take quite high values even when M and N are

independent. To address this problem the hyper-lift Hi(M,N;δ ) uses the value of

the δ -quantile, Qδ (N11), of the distribution of N11 in place of the mean of N11.

We consider δ = 0.99.

These probabilistic measures allow us to assess our results from an inferential

point of view.

Table 2: Measure of associations.

Measure expression

support s(M,N) = n11

n++
≡ f11

confidence c(M,N) = n11

n1+

lift i(M,N) = s(M,N)/(s(M)s(N)) = n++n11/(n1+n+1)

RLD RLD = d
dm

odds ratio or = n11n00

n01n10

chi square χ2 = n++(∑h,k∈0,1(
n2

hk
nh+n+k

)−1)

hyper-lift Hi(M,N;δ ) = n11

Qδ (M,N) .

hyper-confidence Hc(N,M) = P(N11 < n11)

Firstly, we considered associations of order 2 to analyse pairwise associa-

tions. Secondly, we considered high-order associations, i.e. rules whose order

can be higher than 2.

3. THE AVAILABLE DATA

Figure 1 shows the number of card-holders per year from 2003 to 2012. In this pa-

per we analyse the 2012 AMTP transaction databases, i.e. the database compris-

ing the museums visited by each card-holder in 2012. The museums participating

in the programme in 2012 are #M = 158, including 15 temporary exhibitions and

143 permanent museums.

Figure 2 shows the distribution of museum visits in 2012. There are 569,761

visits including repetitions.

The most visited museum is the Reggia di Venaria Reale, with 21.3% of total
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Figure 1: Card-holders for year

Figure 2: Museums visited in 2012
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Figure 3: Basket empirical distribution

visits. The 15 most important museums cover almost 70% of visits. It should

be noted that in the top-15 list we find only one exhibition. It is Mostra - A
un passo da Degas, which has been strongly promoted. The other permanent

museums in the list are related to the history, e.g Musei civico d’arte antica -
Palazzo Madama, and to the tradition, e.g. as Museo dell’Automobile and Museo
nazionale del Cinema, of the city.

Figure 3 shows the distribution of basket sizes, i.e. of the number of museums

that have been visited by each card-holder. There are 81,238 baskets and the total

number of non-repeated visits are 418,943. The basket size distribution shows

that most of the baskets contains three or four museums. This looks coherent

with the subscription price, which is approximately the price of four museum

tickets (a sort of break-even point for subscribers). This also suggests that the

analysis of the associations should not be limited to those of order 2 but should

include also those of order at least three or four. It is somewhat surprising that the

most frequent basket, chosen by 3,220 card-holders, is the one made by Reggia di
Venaria only.

4. PAIRWISE ASSOCIATIONS

This section describes the analysis of the pairwise associations between the 158

museums participating in the programme in 2012. The results of the analysis are
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presented using simplices and graphs.

Simplices are a common representation for 2× 2 contingency tables. Each

contingency table identifies a point in a three dimensional simplex (tetrahedron)

by its relative frequencies. Figure 4 shows the
(

158
2

)
= 12,503 contingency tables

corresponding to each pair of museums.

Figure 4: Simplex representation of pairwise associations. The vertices of the tetrahedron
are 1 : f

11
=1;  f

10
= f

01
 = f

00
 = 0, 2 : 1 : f

10
 =1,  f

11 
= f

01
= f

00
= 0, 3 : 1 : f

01
= 1,  f

10
= f

11
= f

00
 = 0

and 4 : 1 : f
00

 = 1,  f
10

 = f
01

 = f
11

 = 0, where f
hk

= n
hk

= n
++

. The points inside the ellipse
correspond to contingency tables of pairs which include the Reggia di Venaria.

The greatest part of the contingency tables are close to the vertex 4, i.e. to the

table with f00 = 1, f10 = f01 = f11 = 0. It follows that many pairwise rules have

a small support. The contingency tables inside the ellipse are those that involve

Reggia di Venaria, that is the museum that accounts for the largest number of

visits.

In this case the analyses of the pairwise associations using the different mea-

sures of interestingness defined in Section 2 give very similar results. For this

reason we present the results obtained using the odds ratio, which is the tradi-

tional association measure for contingency tables.

Following an approach similar to Giudici and Passerone (2002) the 12,503

associations have been ordered with respect to the odds ratio. For the sake of

simplicity we have selected the top-20 pairwise associations that are represented

in the graph in Figure 5 (Table 3 provides the museums codes for the figure). The
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vertices correspond to museums. The 20 links connect two museums for which the
corresponding 2 × 2 contingency table has a value of odds ratio such that the
corresponding pairwise association is in the top-20 list.

Figure 5: Graph of the top-20 pairwise associations in terms of odds ratio
(identifiers are described in Table 3)

Figure 6 shows two interesting subgraphs of associations, both extracted from

the graph in Figure 5. The first is based on the geographical location of the muse-

ums while the second contains two museums related to nature and tradition.

The top 20 rules in Figure 5 exhibits very high values of odds ratio or (from

588 to 10,979) which represent a strong evidence against the independence hy-

pothesis. Nevertheless, all the rules have support equal or close to zero, for ex-

ample the pair of museums M314 and M303 are in the same basket only seven

times out of 81,238. It also comes out that the strongest pairwise associations

do not involve the largest museums. In fact, none of the most visited museums,

even Reggia di Venaria Reale, is included in the top-20 rules. The analysis of the

pairwise associations also suggests that for focusing on associations that involve

large museums it is necessary to consider other criteria based on the support (or on
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Code Museum Province

M009 CASTELLO DI RIVOLI - MUSEO D’ARTE CONTEMPORANEA Torino

M019 GAM - GALLERIA CIVICA D’ARTE MODERNA E CONTEMPORANEA Torino

M038 MUSEO DI ARTI DECORATIVE FONDAZIONE PIETRO ACCORSI Torino

M040 MUSEO EGIZIO Torino

M042 MUSEO NAZIONALE DEL CINEMA Torino

M044 MUSEO NAZIONALE DELLA MONTAGNA DUCA DEGLI ABRUZZI Torino

M045 MUSEO REGIONALE DI SCIENZE NATURALI Torino

M056 REALI TOMBE DI CASA SAVOIA - BASILICA DI SUPERGA Torino

M072 MUSEO CIVICO D’ARTE ANTICA E PALAZZO MADAMA Torino

M100 ABBAZIA SACRA DI SAN MICHELE Torino

M160 PINACOTECA GIOVANNI E MARELLA AGNELLI Torino

M306 FORTE BARD Torino

M382 CASTELLO DI MIRADOLO Torino

M402 PALAZZO REALE Torino

M426 OGR Torino

M440 MOSTRA - I giganti dell’avanguardia Torino

M445 MOSTRA - Torino & Europa - Le Grandi opere d’arte della Galleria Sabauda Torino

M446 MOSTRA - Days of the Dinosauros - TORINO ESPOSIZIONI Torino

M448 MOSTRA VOLARE Torino

M104 COMPLESSO SAN PIETRO Asti

M134 CASTELLO PALEOLOGI - MUSEO CIVICO ARCHEOLOGICO Alessandria

M135 SALE D’ARTE Alessandria

M300 MUSEO CIVICO DI STORIA NATURALE Torino

M302 ECOMUSEO CULTURA, LAVORAZIONE DELLA CANAPA Torino

M303 MUSEO ETNOGRAFICO "C’ERA UNA VOLTA" Alessandria

M314 MUSEO DEL CAPPELLO BORSALINO Alessandria

M326 TEATRO DELLE SCIENZE Alessandria

M366 MUSEO PALEONTOLOGICO G. MAINI Alessandria

M389 MUSEO SAN GIACOMO Alessandria

M391 LABORATORIO MUSEO TECNOLOGICAMENTE Torino

M418 ECOMUSEO FELTRIFICIO CRUMIERE Torino

M432 MUSEO DIOCESANO SAN SEBASTIANO Biella

M434 COMPL. MONUM. BROLETTO "GALLERIA GIANNONI" Novara

M435 MUSEO DI STORIA NATURALE "FARAGGIANA FERRANDI" Novara

M438 MUSEI DELLA CANONICA DEL DUOMO DI NOVARA Novara

Table 3: Museums codes for Figures 5 and 7

Figure 6: Some pairwise associations extracted from Figure 5
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Figure 7: Graph of the top-20 pairwise associations in terms of odds ratio considering
museums with more than 4, 000 visits

the marginal relative frequency) in addition to the odds ratio. We considered the

subset of museums with more than 4,000 visits, without considering their multi-

plicity. We get 26 museums and exhibitions. If we repeat the same analysis on the(
26
2

)
= 325 contingency tables we obtain the association rules described in Figure

7 (Table 3 provides the museums codes for the figure).

Table 4 provides the odds ratio, the hyper-confidence and the other measures

of association, as the support, the lift, the confidence and the hyper-lift of the top

20 association rules. In this case the support of the rule is always greater than zero

and reaches 9.6%, meaning that the pair of museum considered are in the 9.6% of

baskets. Although the odds ratio is lower than considering all the museums, the

hyperconfidence is one for each rule, assuring us of a significant pairwise associ-

ation structure among the main museums participating to the AMTP programme.

Figure 8 highlights the interestingness of the pairwise association structure, by

focusing on two connected sub-graphs in Figure 7. The association between the

OGR and the Mostra Volare is obvious since the latter was located in the first,

while the association between Mostra Volare and The Days of Dinosauros could

derive from the nature of the expositions, being both interactive. The association

between the Museo del Cinema and the Museo Egizio is also interesting, since
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they are among the most famous museums of the city. The first is located in the

Mole Antonelliana, which is one of the most important building of Turin, while

the other is the second Egyptian museum in the world for importance after the mu-

seum of Cairo. Section 5 describes the results obtained considering associations

with orders equal to 2, 3 and 4.

Table 4: Top 20 measures of pairwise associations of Figure 7. s is the support,
c(M,N) the confidence of the rule M → N, i the lift, Hi the hyper-lift, or the odds
ratio, RLD the relative linkage disequilibrium, χ2 the chi-square and Hc the hyper-
confidence of the rule.

Antecedent consequent s c(M,N) c(N,M) i Hi or RLD χ2 Hc

M448 M426 0.053 0.664 0.378 4.707 4.402 18.739 0.609 15632.219 1

M019 M009 0.037 0.219 0.416 2.472 2.334 4.228 0.298 3374.789 1

M445 M038 0.042 0.262 0.364 2.302 2.185 3.776 0.245 3247.799 1

M045 M044 0.023 0.147 0.368 2.34 2.178 3.483 0.250 1772.553 1

M160 M019 0.046 0.354 0.276 2.104 2.008 3.359 0.223 2946.503 1

M440 M306 0.019 0.368 0.115 2.262 2.092 3.256 0.245 1310.408 1

M445 M072 0.092 0.579 0.267 1.688 1.645 3.23 0.359 3683.045 1

M382 M306 0.018 0.359 0.113 2.204 2.038 3.118 0.234 1211.947 1

M440 M382 0.007 0.131 0.129 2.545 2.201 3.041 0.084 547.765 1

M100 M056 0.008 0.14 0.139 2.491 2.18 3.013 0.088 619.749 1

M440 M019 0.018 0.361 0.109 2.144 1.986 3.009 0.232 1121.318 1

M440 M009 0.011 0.21 0.12 2.369 2.121 2.969 0.133 770.116 1

M382 M044 0.008 0.149 0.123 2.381 2.089 2.849 0.092 547.607 1

M044 M038 0.016 0.25 0.137 2.193 2.013 2.843 0.153 968.413 1

M160 M009 0.024 0.179 0.266 2.029 1.898 2.708 0.155 1227.628 1

M042 M040 0.073 0.293 0.423 1.69 1.639 2.692 0.231 2640.935 1

M056 M040 0.019 0.343 0.111 1.981 1.843 2.679 0.205 946.776 1

M448 M446 0.009 0.115 0.178 2.209 1.971 2.662 0.106 558.123 1

M382 M038 0.012 0.24 0.108 2.105 1.914 2.63 0.142 674.614 1

M402 M072 0.096 0.531 0.279 1.549 1.512 2.624 0.287 2735.441 1

5. HIGH-ORDER ASSOCIATIONS

This section presents the MBA results. According to standard approaches the first

step of MBA is to find the rules whose confidence and support are greater than

given thresholds. Then a measure of independence is computed for each of these

rules. We focus on the rules that have the highest values of the chosen measure

of independence, which are the main output of MBA. Using the default setting

of SAS Enterprise Miner 13.1, in our study we have restricted our attention to

13
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Figure 8: Some pairwise associations extracted from Figure 5.

Table 5: Basket size distribution in top 50 rules

Basket size # in the top 50 Percentage

2 8 16
3 32 64
4 10 20

the rules with confidence greater than 10% and support greater than 5% of the

largest single museum frequency, which in our case corresponds to that of Reggia
di Venaria Reale. Then we have sorted such rules by descending values of the lift.

Table 6 provides the measures of association for the top 50 rules with single item

consequents.

We build the graph related to the top 50 rules (Figures 9 and 10) and to the

top 1000 rules (Figure 11). In the figures the vertices represent the antecedent

and consequent, say M and N, of the rule. They are linked by undirected edges

if M → N, N → M or both are in the top 50 (or top 1000) rules list. If a vertex

represents only one museum, we name it individual vertex. The vertex size is

proportional to its frequence. Table 5 shows the basket size distribution of the top

50 rules. It emerges that most of the association rules involves three or four mu-

seums, supporting the intuition that high-order associations should be considered

in addition to pairwise ones.

It is interesting to note that Reggia di Venaria Reale is involved in only high-

order associations both in the top 50 and in the top 200 rules, according to the
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Figure 9: Support vs Confidence

results of Section 4. As expected we find the pairwise assoction between Mostra
Volare and OGR, confirming that strong pairwise associations still emerge from

MBA.

The top 50 rules show the importance of GAM, Palazzo reale and Palazzo
Madama, which are traditional museums in Turin. It is interesting to observe that

while the former two are central individual nodes, the latter individual node is

involved only in one rule.

Together with Palazzo Madama and Mostra-A un passo da Degas the mu-

seums Museo dell’Automobile and Museo del Cinema are the main individual

vertices in the top 200 rules according to their importance for the city cultural

tradition.

If we consider the top 1000 rules, also the less important museums appear.

Nevertheless, comparing the association structures with the association structure

Figure 10: MBA: results
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Antecedent consequent s c(M,N) i Hi RLD or χ2 Hc

M395,M426 M448 0.037 0.397 5.058 4.652 0.422 13.837 11828.082 1

M395,M448 M426 0.037 0.673 4.894 4.513 0.621 17.363 11536.356 1

M426 M448 0.052 0.378 4.825 4.505 0.61 19.304 16136.612 1

M448 M426 0.052 0.664 4.825 4.505 0.61 19.304 16136.612 1

M395,M445 M038 0.034 0.295 2.653 2.492 0.217 4.39 3650.592 1

M038,M395 M445 0.034 0.393 2.546 2.398 0.282 4.275 3387.2 1

M019 M009 0.036 0.219 2.534 2.39 0.301 4.364 3549.171 1

M009 M019 0.036 0.416 2.534 2.39 0.301 4.364 3549.171 1

M072,M395,M449 M445 0.036 0.389 2.519 2.377 0.277 4.247 3509.917 1

M040,M072 M402 0.031 0.438 2.495 2.346 0.318 4.243 2994.64 1

M019,M395 M160 0.032 0.319 2.495 2.344 0.219 3.924 2955.401 1

M445 M038 0.04 0.262 2.359 2.238 0.248 3.899 3428.808 1

M038 M445 0.04 0.364 2.359 2.238 0.248 3.899 3428.808 1

M019,M072 M445 0.03 0.364 2.356 2.216 0.248 3.653 2481.591 1

M072,M402 M445 0.033 0.357 2.31 2.179 0.239 3.595 2617.843 1

M072,M449 M445 0.043 0.348 2.252 2.144 0.229 3.673 3323.489 1

M160,M395 M019 0.032 0.36 2.189 2.067 0.234 3.304 2196.396 1

M019 M160 0.045 0.276 2.156 2.057 0.227 3.472 3128.566 1

M160 M019 0.045 0.354 2.156 2.057 0.227 3.472 3128.566 1

M019,M445 M072 0.03 0.716 2.141 2.03 0.574 5.427 2352.467 1

M049,M395 M038 0.03 0.236 2.123 2.001 0.164 3.015 1870.835 1

M042,M072 M402 0.039 0.372 2.12 2.014 0.238 3.289 2524.268 1

M072,M445 M402 0.033 0.372 2.12 2.006 0.238 3.2 2128.216 1

M395,M402 M445 0.039 0.325 2.105 2 0.202 3.186 2451.7 1

M019,M395 M445 0.032 0.323 2.091 1.977 0.199 3.036 1959.251 1

M072,M395,M449 M019 0.032 0.342 2.08 1.966 0.212 3.033 1908.219 1

M038,M395 M049 0.03 0.345 2.07 1.954 0.214 2.994 1776.618 1

M072,M445 M019 0.03 0.339 2.066 1.951 0.209 2.979 1780.682 1

M072,M449 M019 0.042 0.339 2.062 1.966 0.209 3.165 2573.599 1

M072,M449 M160 0.032 0.259 2.022 1.913 0.15 2.845 1777.582 1

M072,M395 M445 0.07 0.312 2.022 1.952 0.295 3.718 4476.128 1

M042,M072 M045 0.032 0.31 2.021 1.913 0.185 2.875 1786.256 1

M040,M072 M042 0.035 0.493 2.017 1.917 0.329 3.344 2102.395 1

M402,M445 M072 0.033 0.674 2.013 1.916 0.51 4.448 2178.732 1

M042,M072 M040 0.035 0.34 2.011 1.909 0.205 2.937 1964.613 1

M072,M402 M040 0.031 0.338 1.999 1.891 0.203 2.853 1692.941 1

M072,M395 M038 0.05 0.221 1.989 1.907 0.286 3.292 2872.944 1

M040,M395 M402 0.035 0.345 1.964 1.866 0.205 2.836 1805.651 1

M395,M445,M449 M072 0.036 0.657 1.963 1.874 0.484 4.147 2207.845 1

M395,M445 M402 0.039 0.334 1.9 1.811 0.192 2.733 1841.305 1

M445,M449 M072 0.043 0.635 1.898 1.821 0.452 3.828 2420.568 1

M019,M395,M449 M072 0.032 0.624 1.864 1.776 0.434 3.536 1635.868 1

M019,M072,M395 M449 0.032 0.554 1.851 1.761 0.364 3.136 1528.025 1

M040,M402 M072 0.031 0.615 1.839 1.753 0.422 3.409 1551.042 1

M019 M375 0.038 0.23 1.837 1.751 0.164 2.555 1596.046 1

M375 M019 0.038 0.302 1.837 1.751 0.164 2.555 1596.046 1

M042,M402 M072 0.039 0.612 1.83 1.752 0.417 3.42 1902.46 1

M038 M049 0.034 0.305 1.828 1.738 0.166 2.496 1394.64 1

M049 M038 0.034 0.203 1.828 1.738 0.166 2.496 1394.64 1

M042,M072 M019 0.031 0.299 1.824 1.729 0.162 2.452 1260.505 1

Table 6: Top 50 measures of associations for the top 50 rules with a single museum as
consequent
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26 museums 158 nodes

density 0.07 0.06

Museum degree betweenness closeness degree betweenness closeness

Reggia di Venaria 152 6235 0.82 156 6629 0.82

Palazzo Madama 102 1931 0.68 102 1956 0.67

Mostra di Degas 80 1045 0.63 80 1066 0.63

Table 7: Link-based measures for three main nodes of the two graphs involving the main 26
museums and all 158 museums

obtained by considering the rules involving the main 26 museums, we find that

they are very similar, as Figures 11 and 12 show. Moreover, the graph central

nodes remain the same: Reggia di Venaria Reale, Palazzo Madama, and Mostra
di Degas. We compare the characteristics of these three nodes in the two graphs

using link-based measures (see, e.g., Easley and Kleinberg (2010)). We compare

the importance of the nodes measuring their degree, which is the number of edges

incident on them. We measure their importance in the visiting flow using the

betweenness, which is a measure of the degree to which a given node lies on the

shortest paths between other nodes in the graph (for a formal defintion see Butts

(2014)). We assess the centrality of the nodes using the closeness, which is a

measure based on a distance between the node under exam and the other nodes.

Finally we measure the density of the two graphs, to compare the connection of

the two networks. The density is the number of existing edges divided by the

number of possible ones. The results are provided in Table 7 and confirm the

stability of the nodes.

The Reggia di Venaria Reale becomes a central individual vertex, according

to the intuition that everybody goes to visit it. This fact becomes evident in Figure

13, where edges are directed according to the confidence of the rule. The central

node Reggia di Venaria Reale is a high confidence consequent for most of the

rules.

We conclude this section with the computational aspects.

5.1 COMPUTATIONAL ASPECTS

The data preparation and the pairwise association analysis have been performed

using SAS 9.4 (mainly SAS-IML), the klaR Weihs et al. (2005) and Igraph Csardi

and Nepusz (2006) packages of R, while the MBA is performed with SAS Enter-

prise Miner 13.1. Some measures of association have been computed using the

R package (Hahsler et al. (2005)). Link-analysis has been performed using the R

package Butts (2014).
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Figure 11: MBA: top 1000 rules with 158 museums. The vertices dimension is proportional
to the node support. Edges are undirected and link vertices M and N if

M →  N, N →  M or both

Figure 12: MBA: top 1000 rules with 26 museums. The vertices dimension is proportional to
the node support. Edges are undirected and link vertices M and N if M → N, N → M

or both
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Figure 13: MBA: top 1000 rules with 26 museums. The vertices dimension is proportional to
the node support. Edges are directed and link vertices M and N according to the

confidence of the role

6. CONCLUSIONS AND FURTHER RESEARCH

We used Market Basket Analysis for studying AMTP card-holder behaviours. The

available software products and algorithms are very efficient from a computational

point of view and make it possible to analyse all the data (81,238 baskets involving

158 museums and exhibitions) using a standard laptop. From a methodological

point of view, the main results are as follows:

• although the pairwise associations are significant and easily interpreted,

they do not suffice to describe all the associations;

• high-order associations should also be considered;

• it appears useful to further analyse, with respect to a measure of indepen-

dence like the lift, only the rules which have support and confidence larger

than the given thresholds.

Concerning the AMTP database, we found that 42 out of the top 50 rules involve

three or four museums and that all the top 50 rules only involve the 26 most visited

museums. The three main museums have a central role for the association struc-

ture. Looking at the link-based measures, the Reggia di Venaria stands out from

the other nodes, followed by the museum Palazzo Madama and the exhibition A
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un passo da Degas. Furthermore, they confirm their role as attractors, since they

often appear as consequent terms in the rules.

It is also worth underlining that the link-based measures of the exhibition A
un passo da Degas are close to the corresponding link-based measures of Palazzo
Madama, confirming the potential attractiveness of temporary exhibitions for the

association structure.

Further research will address the relationship between the association struc-

ture found and the services offered by the museums participating in the pro-

gramme, as soon as the data regarding these services are available.
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